This paper provides closed-form expansions for the log-likelihood function of multivariate diffusions sampled at discrete time intervals. The coefficients of the expansion are calculated explicitly by exploiting the special structure afforded by the diffusion model. Examples of interest in financial statistics and Monte Carlo evidence are included, along with the convergence of the expansion to the true likelihood function.
1. Introduction. Diffusions and, more generally, continuous-time Markov processes are generally specified in economics and finance by their evolution over infinitesimal instants, that is, by writing down the stochastic differential equation followed by the state vector. However, for most estimation strategies relying on discretely sampled data, we need to be able to infer the implications of the infinitesimal time evolution of the process for the finite time intervals at which the process is actually sampled, say daily or weekly. The transition function plays a key role in that context. Unfortunately, the transition function is, in most cases, unknown.
At the same time, continuous-time models in finance, which until recently have been largely univariate, now predominantly include multiple state variables. Typical examples include asset pricing models with multiple explanatory factors, term structure models with multiple yields or factors and stochastic volatility or stochastic mean reversion models (see Sundaresan [28] for a recent survey). Motivated by this trend and the need for effective representation methods, I construct closed-form expansions for the log-transition function of a large class of multivariate diffusions. Because diffusions are Markov processes, the log-likelihood function of observations from such a process sampled at finite time intervals reduces to the sum of 2. Setup and assumptions. Consider the multivariate time-homogenous diffusion dX t = µ(X t ) dt + σ(X t ) dW t , (1) where X t and µ(X t ) are m × 1 vectors, σ(X t ) is an m × m matrix and W t is an m × 1 vector of independent Brownian motions. Independence is without loss of generality since arbitrary correlation structures between the shocks to the different equations can be modeled through the inclusion of off-diagonal terms in the σ matrix, which, furthermore, need not be symmetric. In timeinhomogeneous diffusions, the coefficients are allowed to depend on time directly, as in µ(X t , t) and σ(X t , t), beyond their dependence on time via the state vector. The time-inhomogeneous case can be reduced to the timehomogenous case by treating time as an additional state variable and so it suffices to return to the model specified in (1) .
The objective of this paper is to derive closed-form approximations to the log of the transition function p X (x|x 0 , ∆), that is, the conditional density of X t+∆ = x given X t = x 0 induced by the model (1) . From an inference perspective, the primary use of this construction is to make feasible the computation of the MLE. Assume that we parametrize (µ, σ) as functions of a parameter vector θ and observe X at dates {t = i∆ | i = 0, . . . , n}, where LIKELIHOOD FOR DIFFUSIONS 3 ∆ > 0 is fixed. The Markovian nature of (1) , which the discrete data inherit, implies that the log-likelihood function has the simple form
l X (X i∆ |X (i−1)∆ , ∆), (2) where l X ≡ ln p X and where the asymptotically irrelevant density of the initial observation, X 0 , has been left out. In practice, the issue is that for most models of interest, the function p X , hence l X , is not available in closed form.
I will use the following notation. Let S X , a subset of R m , denote the domain of the diffusion X, assumed, for simplicity, to be of the following form. In some instances, it may be more natural to directly parametrize the infinitesimal variance-covariance matrix of the process v(x) ≡ σ(x)σ T (x) (3) than σ(x) itself. Every characterization of the process, such as its transition probability, depends, in fact, on (µ, v). In particular, it can be shown that, should there exist a continuum of solutions in σ to equation (3) , then the transition probability of the process is identical for each of these σ (see Remark 5.1.7 and Section 5.3 in Stroock and Varadhan [27] ). This is also quite clear from inspection of the infinitesimal generator A X of the process, which depends on v rather than σ. For functions f (∆, x) that are suitably differentiable on its domain, A X has the action
The domain of A X includes at least those functions that, for each x 0 ∈ S X , are once continuously differentiable in ∆ in R + , twice continuously differentiable in x ∈ S X and have compact support.
As this will play a role in the likelihood expansions, define
I will assume that this matrix v satisfies the following regularity condition: Assumption 2. The matrix v(x) is positive definite for all x in the interior of S X .
Further assumptions are required to ensure the existence and uniqueness of a solution to (1) and to make the computation of likelihood expansions possible. I will assume the following.
Assumption 3. µ(x) and σ(x) are infinitely differentiable in x on S X . Assumption 3 ensures the uniqueness of solutions to (1) . Indeed, Assumption 3 implies in particular, that the coefficients of the stochastic differential equation are locally Lipschitz under their assumed (once) differentiability, which can be seen by applying the mean value theorem. This ensures that a solution, if it exists, will be unique (see, e.g., Theorem 5.2.5 in Karatzas and Shreve [21] ). The infinite differentiability assumption in x is unnecessary for that purpose, but it allows the computation of expansions of the transition density, which, as we will see, involves repeated differentiation of the coefficient functions µ and σ. There exist models of interest in finance, such as Feller's square root diffusion used in the Cox, Ingersoll and Ross model of the term structure, that fail to satisfy the Lipschitz condition since they violate the differentiability requirement of Assumption 3 at a boundary of S X : for instance, σ(x) = σ 0 x 1/2 is not differentiable at the left boundary 0 of S X . It is then possible to weaken Assumption 3 to cover such cases (see Watanabe and Yamada [30] and Yamada and Watanabe [32] ).
The next assumption restricts the growth behavior of the coefficients near the boundaries of the domain.
Assumption 4. The drift and diffusion functions satisfy linear growth conditions, that is, there exists a constant K such that for all x ∈ S X and i, j,
Their derivatives exhibit at most polynomial growth.
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The role of Assumption 4 is to ensure the existence of a solution to the stochastic differential equation (1) by preventing explosions of the process in finite expected time. While it can be relaxed in specific examples, it is not possible to do so in full generality. In dimension one, however, finer results are available (see the Engelbert-Schmidt criterion in Theorem 5.5.15 of Karatzas and Shreve [21] ), allowing linear growth to be imposed only when the drift coefficient pulls the process toward an infinity boundary (see Proposition 1 of Aït-Sahalia [2] ). In all dimensions, the linear growth condition in Assumption 4 is only an issue near the boundaries of S X . In the special case where S X is compact, the growth condition (boundedness, in fact) follows from the continuity of the functions. The additional assumption that the derivatives of the drift and diffusion functions grow at most polynomially simplifies matters in light of the exponential tails of the transition density p X .
Finally, the diffusion process X is fully defined by the specification of the functions µ and σ and its behavior at the boundaries of S X . In many examples, the specification of µ and σ predetermines the boundary behavior of the process, but this will not be the case for models that represent limiting situations. For instance, in Cox, Ingersoll and Ross processes with affine µ and v, the behavior at the 0 boundary depends upon the values of the parameters. When this situation occurs for a particular model, the behavior of the likelihood expansion near such a boundary will be specified exogenously to match that of the assumed model.
3. Reducible diffusions. Whenever possible, I will first transform the diffusion X into one that is more amenable to the derivation of an expansion for its transition density. For that purpose, I introduce the following definition.
Definition 1 (Reducibility). The diffusion X is said to be reducible to unit diffusion (or reducible, in short) if and if only if there exists a oneto-one transformation of the diffusion X into a diffusion Y whose diffusion matrix σ Y is the identity matrix. That is, there exists an invertible function γ(x), infinitely differentiable in X on S X , such that Y t ≡ γ(X t ) satisfies the stochastic differential equation
on the domain S Y .
By Itô's lemma, when the diffusion is reducible, the change of variable γ satisfies ∇γ(x) = σ −1 (x). Every scalar (i.e., one-dimensional) diffusion is reducible, by means of the simple transformation
where the lower bound of integration is an arbitrary point in the interior of S X . The differentiability of γ ensures that µ Y satisfies Assumption 3. This change of variable, known as the Lamperti transform, played a critical role in the derivation of closed-form Hermite approximations to the transition density of univariate diffusions in Aït-Sahalia [2] . How to deal with the case where 1/σ(u) cannot be integrated in closed form is discussed after Proposition 2 below. Whenever a diffusion is reducible, an expansion can be computed for the transition density p X of X by first computing it for the density p Y of the reduced process Y and then transforming Y back into X, essentially proceeding by extending the univariate method.
However, not every multivariate diffusion is reducible. Whether or not a given multivariate diffusion is reducible depends on the specification of its σ matrix, in the following way.
Proposition 1 (Necessary and sufficient condition for reducibility). The diffusion X is reducible if and only if
for each x in S X and triplet (i, j, k) = 1, . . . , m such that k > j. If σ is nonsingular, then the condition can be expressed as
Similar restrictions on the σ matrix arise in different contexts; see Doss [11] who studied the question of when the solution X of the SDE can be expressed as a function of the Brownian motion W and the solution of an ODE and the concept of "commutative noise" in Section 10.6 of Cyganowski, Kloeden and Ombach [8] where they show that restricting the σ matrix leads to a simplification of the Milshtein scheme for X.
In the bivariate case m = 2, condition (10) reduces to
For instance, consider diagonal systems: if σ 12 = σ 21 = 0, then the reducibility condition becomes
in the diagonal case, reducibility is equivalent to the fact that σ ii depends only on x i for each i = 1, 2. This is true more generally in dimension m. Note that this is not the case if off-diagonal elements are present. Another set of examples is provided by the class of stochastic volatility models. Consider the two models where either
.
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In the first model, the process is not reducible in light of the previous diagonal example, as this is a diagonal system where σ 11 depends on x 2 . However, in the second, the process is reducible.
4. Closed-form expansion for the likelihood function of a reducible diffusion. When the diffusion is reducible, I propose two approaches to construct a sequence of explicit expansions for the log-likelihood function. The first is based on computing the coefficients of a Hermite expansion for the density of the transformed process, p Y . The coefficients are found in the form of a series expansion in ∆, the time separating successive observations.
The second approach takes the form of the Hermite series and determines its coefficients by solving the Kolmogorov partial differential equations which characterize the transition function p Y . In both cases, given a series for p Y , I obtain a series for the original object of interest, p X , by reversing the change of variable and the Jacobian formula. The two approaches yield the same final series.
Multivariate Hermite expansions.
To motivate the form of the expansion that I will propose in the multivariate case, in both the reducible and irreducible cases, consider the following natural multivariate counterpart to the univariate Hermite expansion of Aït-Sahalia [2] . Let φ(x) denote the density of the m-dimensional multivariate Normal distribution with mean zero and identity covariance matrix. For each vector h = (h 1 , . . . , h m ) T ∈ N m , recall that tr[h] = h 1 + · · · + h m and let H h (x) denote the associated Hermite polynomials, which are defined by
m and can be computed explicitly to an arbitrary order tr[h] (see, e.g., Chapter 5 of McCullagh [23] or Withers [31] ). The polynomials are orthonormal in the sense that
The Hermite series approximation of p Y is in the form
and the Hermite coefficients η h (∆, y 0 ) can be computed as in the univariate case: by orthonormality of the Hermite polynomials, the coefficients η h are given by the conditional expectation
This expression is then amenable to computing an expansion in ∆ using the generator (4). To evaluate that conditional expectation, the deterministic Taylor expansion
can be used, where A Y is the infinitesimal generator of the process Y , the function f is sufficiently differentiable in (y, δ) and its iterates by application of A Y up to K times remain in the domain of A Y , as in Aït-Sahalia [2] . The result will be a "small-time" expansion, in the same spirit as in Azencott [4] and Dacunha-Castelle and Florens-Zmirou [9] , except that the expansions given here are in closed form instead of relying on moments of functionals of Brownian bridges (which are to be computed by simulation). Replacing the unknown η h in (11) by their expansions in ∆ to order K gives rises to an expansion ofp
Y where the coefficients are gathered in increasing powers of ∆, which I denotep
. If we gather the terms in the right-hand side of (11) according to powers of ∆, we can rewritep
in the form of a truncated series in ∆,
For the log-transition density and for any given J, or in the univariate case where the convergence of the Hermite series is established as J → ∞, the resulting expansion has the form
. . , K, are combinations of the coefficients of (11) obtained by identifying the terms in the expansion in ∆ of the log of (14) .
The method just described is the natural extension to the multivariate setting of the Hermite approach employed in the univariate case in Aït-Sahalia [2] . Extensions of the univariate Hermite expansion results in two different univariate directions have been recently developed for time-inhomogeneous diffusions (Egorov, Li and Hu [13] ) and for models driven by Lévy processes other than Brownian motion (Schaumburg [25] and Yu [33] ). DiPietro [10] has extended the methodology to make it applicable in a Bayesian setting. The Hermite method requires, however, that the diffusion be reducible since the straight Hermite expansion will not in general converge if applied to p X directly instead of p Y . And as discussed above, while all univariate diffusions are reducible, so that such a Y exists, not all multivariate diffusions are. This necessitates an alternative method, which I now develop.
4.2.
Connection to the Kolmogorov equations. An alternative method to obtain an explicit expansion for l Y is to take inspiration from the form of the solution given by the expansion (15) and to use the Kolmogorov equations to determine its coefficients, without any further reference to the Hermite expansion. As is often the case when a differential operator is involved, it is easier to verify that a given functional form, in this case the expansion in the form (15) , is the right solution.
Consider the forward and backward Kolmogorov equations (see, e.g., Section 5.1 of Karatzas and Shreve [21] )
The solution p Y inherits the smoothness in (∆, y, y 0 ) of the coefficients µ Y (see, e.g., Section 9.6 in Friedman [14] ), so we are entitled to look for an approximate solution in the form of a smooth expansion. The fact that the Hermite expansion turns out to have exactly the right form for solving the forward and backward equations term by term is an interesting feature of these expansions.
Focusing for now on the forward equation (16) , the equivalent form for the log-likelihood l Y (which is the object of interest for MLE and which will turn out to lead to a simple linear system) is
Suppose that we substitute the postulated form of the solution (15) into (18) . Since
equating the coefficients of ∆ −2 on both sides of (18) implies that the leading coefficient in the expansion, C
, must solve the nonlinear equation
Because the density must approximate a Gaussian density as ∆ → 0, the appropriate solution is the one with a strict maximum at y = y 0 , namely
Considering now the coefficients of ∆ −1 on both sides of (18), we see that
Integrating along a line segment between y 0 and y, we obtain
with integration constants determined in the proof of the theorem below using boundary conditions and the backward equation. The higher-order coefficients are obtained using the same principle, and we have the following result.
Theorem 1. The coefficients of the log-density expansion l (K)
Y (y|y 0 , ∆) are given explicitly by (20) , (21) and, for k ≥ 1,
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Theorem 1 provides the explicit form of l
that solves the Kolmogorov equations to the desired order ∆ K . This does not necessarily imply that l
is a proper Taylor expansion of l Y at the desired order ∆ K−1 ; this will be established as part of Theorem 3 below.
4.3. Change of variable. Given l Y , the expression for l X is given by the Jacobian formula
which I mimic at the level of the approximations of order K in ∆, thereby defining l
given in (15) , using the coefficients C (k)
X solves the Kolmogorov equations for X at the same order.
5. Closed-form expansion for the log-likelihood function of an irreducible diffusion. In the reducible case, the two approaches (Hermite and solution of the Kolmogorov equations) coincide. When the diffusion is irreducible, however, one no longer has the option of first transforming X to Y, computing the Hermite expansion for Y and then, via the Jacobian formula, transforming it into an expansion for X. But, it remains possible to postulate an appropriate form of an expansion for l X and then to determine that its coefficients satisfy the Kolmogorov equations to the relevant order, as follows.
Mimicking the form of the expansion in ∆ obtained in the reducible case, namely (26) , leads to the postulation of the following form for an expansion of the log-likelihood
and solving for the coefficients using the Kolmogorov equations. The expansion exists because the log-transition function inherits the smoothness of the coefficients (µ, v) (see, e.g., Section 9.6 of Friedman [14] ). When written directly for the X process, as required in the irreducible case, the equations take the form
The solution method is as follows: as in the reducible case, substituting the postulated solution (27) into (28) provides an equation at each order in ∆ which is solved for the corresponding coefficient of the expansion. While the differential equation for l X is nonlinear, it can be transformed into a linear one by exponentiation and so the expansion l 
The solution of this equation is not explicit in general, although it has a nice geometric interpretation as minus one half the square of the shortest distance from x to x 0 in the metric induced in R m by the matrix v(x) −1 (see [29] ). suggests that it will generally be impossible to explicitly characterize the coefficients of the expansion (27) since (30) will not in general admit an explicit solution. This is where the next step in the analysis comes into play. The idea now is to derive an explicit approximation in (x − x 0 ) of the coefficients C 
As a consequence, the leading term coming from the expansion of C (−1)
so that the leading term in the expansion for the log-density will correspond to that of a Normal with mean x 0 and covariance matrix ∆v(x 0 ).
More generally, I will derive a series in (x − x 0 ) for each coefficient C
. One remaining question is the choice of the order j k [in (x − x 0 )] corresponding to a given order k (in ∆). For that purpose, note that
and therefore setting j k /2 + k = K + 1, that is,
for k = −1, 0, . . . , K, will provide an approximation error due to the expansion in (x − x 0 ) of the same order ∆ K+1 for each of the terms in the series (27) .
The resulting expansion will then be of the form
This double expansion [in ∆ and in (x − x 0 )] can be viewed, in probability, as an expansion in ∆ only once the process is inserted in the likelihood, in light of (31) . In general, the function need not be analytic at ∆ = 0, hence this should be interpreted strictly as a series expansion. Finally, note that the term D v (x) which arises in the reducible case from the Jacobian transformation is independent of ∆ and so could be built into the C (0) X coefficient. Doing so, however, would subject it to being expanded in x − x 0 , which is unnecessary since D v (x) is known. If D v (x) were being expanded along with C (j 0 ,0) X , we would lose the property thatl
X also solves the backward equation (29) to the corresponding order in ∆.
5.2.
Determination of the coefficients in the irreducible case. What remains to be done is to explicitly compute the expansion C
. , i m ) denote a vector of integers and define
The coefficients are determined one by one, starting with the leading term C
is calculated explicitly, and so on. Based on (32), the highest-order term (k = −1) is expanded to a higher degree of precision j −1 than the successive terms. This is quite natural, given that C (j −1 ,−1) X is an input to the differential equation determining C (j 0 ,0) X , and so on. In order to state the main result pertaining to the closed-form solutions C (j k ,k) X , I define the following functions of the coefficients and their derivatives: , that is, the coefficients β (27) solves the equation
and, for k ≥ 1,
where the functions G X , and so on.
Each of these equations can be solved explicitly in the form of the expansion C
are determined by setting the expansion f 
which are the anticipated terms, given the Gaussian limiting behavior of the transition density when ∆ is small. Thus, with j −1 ≥ 3, we only need to determine the terms β To obtain an expansion for the density p X instead of for the log-density l X , one can either take the exponential ofl
or, alternatively, expand the exponential in ∆ to obtain the coefficients c X for the expansion of p X from the coefficients C X for the expansion of l X . In general, like a Hermite expansion, neither will integrate to one without division by the integral over S X of the density expansion. Positivity is guaranteed, however, if one simply exponentiates the log-transition function.
5.3.
Applying the irreducible method to a reducible diffusion. Theorem 2 is more general than Theorem 1, in that it does not require that the diffusion be reducible. As discussed above, in exchange for that generality, the coefficients are available in closed form only in the form of a series expansion in x about x 0 . The following proposition describes the relationship between these two methods when Theorem 2 is applied to a diffusion that is, in fact, reducible. Proposition 2. Suppose that the diffusion X is reducible and let l (K) X denote its log-likelihood expansion calculated by applying Theorem 1. Suppose, now, that we also calculate its log-likelihood expansion,l (K) X , without first transforming X into the unit diffusion Y , that is, by applying Theorem 2 to X directly. Then, each coefficient C
In other words, applying the irreducible method to a diffusion that is, in fact, reducible involves replacing the exact expression for C (k) X (x|x 0 ) by its series in (x − x 0 ). Of course, there is no reason to do so when the diffusion is reducible and the transformation γ from X to Y, defined in Definition 1, is explicit.
However, Proposition 2 is relevant in the case where the diffusion is reducible, but the transformation γ is not available in closed form. This can occur even in dimension m = 1, where every diffusion is theoretically reducible. For instance, consider the specification of the diffusion function in the general interest rate model proposed in [1] , namely σ 2 (x) = θ −1 x −1 + θ 0 + θ 1 x + θ 2 x θ 3 , where the θ's denote parameters. In that case, γ(x), given in (8), involves integrating 1/σ and the result is not explicit. Fortunately, one can use the irreducible method in that case and the result of applying that method is given by Proposition 2. An alternative is to use the method that has been proposed by [5] .
Finally, the double series in ∆ and (x − x 0 ) produced by the irreducible method matches, when applied to a reducible diffusion, the expansion produced by the Hermite series since the coefficients of the latter [a polynomial in (x − x 0 ), by construction] are obtained as a series in ∆ by computing their conditional expectations, as described in (13) . But the infinitesimal generator of the process in (13) is by definition, such that the resulting coefficients solve, at each order in ∆, the Kolmogorov equations. Hence, the two series match.
6. Convergence to the true log-likelihood function and the resulting approximate MLE. Theorems 1 and 2 give the expressions of the coefficients of the expansion in the reducible and irreducible cases, respectively. I now turn to the convergence of the resulting expansion to the object of interest, showing that the series constructed above is a Taylor expansion of the true, but unknown, log-likelihood function, and considering its application to likelihood inference.
Suppose that (µ, σ) are parametrized using a parameter vector θ and that (µ, σ) and their derivatives at all orders are three times continuously differentiable in θ. The differentiability of the coefficients extends to l X , in light of the previously cited results on the solutions of second-order parabolic partial differential equations (Section 9.6 of Friedman [14] ), and to the expansion by construction, given that it consists of sums and products of (µ, σ) and their derivatives. Let the parameter space Θ be a compact subset of R r . Let θ 0 denote the true value of the parameter. Assume, for simplicity, that for fixed n and ∆, θ −→ ℓ n (θ, ∆) defined in (2) has a unique maximizer θ n,∆ ∈ Θ.θ n,∆ is the exact (but incomputable) MLE for θ. Consider, now, the approximate MLEθ
itself defined analogously to (2), but with the expansion l
in the reducible (resp. irreducible) case instead of the true log-transition function l X . We have the following result.
Theorem 3. For any n,
in P θ 0 -probability as ∆ → 0. In the reducible case, the same holds for ℓ
n,∆ exists almost surely and satisfiesθ
Furthermore, suppose that as → ∞, we haveθ n,∆ → θ 0 in P θ 0 -probability and that there exists a sequence of nonsingular r × r matrices S n,∆ such that
There then exists a sequence ∆ n → 0 such that
Intuitively, the reason that the log-approximation error (42) is small in probability is as follows. For small ∆, in a small neighborhood about x 0 , the approximation error is small by construction because l
Taylor expansion of l X about ∆ = 0 (and about x = x 0 , resp.). Away from x 0 , the approximation error may not be small, unless l X is analytic, but this does not matter much because such an error is at most polynomial, while the probability of reaching this region in time ∆ is exponentially small. Note, also, that it follows from (43)-(44) thatθ
n,∆ andθ n,∆ share the same asymptotic distribution as → ∞. For instance, (43) is verified, in particular, if the process X is stationary with positive definite Fisher information matrix F ∆ for a pair of successive observations, in which case S n,∆ can be taken to be n −1/2 F 1/2 ∆ (see Billingsley [6] for the required regularity conditions).
7. Examples. In this section, I apply the above results to a leading multivariate diffusion example. The last example shows that the method of this paper also applies to time-inhomogeneous models.
7.1. The Bivariate Ornstein-Uhlenbeck model. Consider the model
,2 and assume that β and σ have full rank. This is the most basic model capturing mean reversion in the state variables. Consider, now, the matrix equation βλ + λβ T = σσ T , whose solution in the bivariate case is the 2 × 2 symmetric matrix λ given by
When the process is stationary, that is, when the eigenvalues of the matrix β have positive real parts, λ is the stationary variance-covariance matrix of the process. That is, the stationary density of X is the bivariate Normal density with mean α and variance-covariance λ.
The transition density of X is the bivariate Normal density
where m(∆, x 0 ) = α+exp(−β∆)(x 0 −α) and Ω(∆) = λ−exp(−β∆)λ exp(−β T ∆), with exp denoting the matrix exponential. Identification of the continuous-time parameters from the discrete data for this particular model is discussed in Philips [24] , Hansen and Sargent [15] and Kessler and Rahbek [22] . If we wish to identify the parameters in θ from discrete data sampled at the given time interval ∆, then we must restrict the set of admissible parameter values Θ. For instance, we may restrict Θ in such a way that the mapping β → exp(−β∆) is invertible, for instance, by restricting the admissible parameter matrices β to have real eigenvalues. This will be the case, for example, if we restrict attention to matrices β which are triangular (and, of course, have real elements). For the rest of this discussion, I will assume that Θ has been restricted in such a way.
By applying Proposition 1, we see that the process X is reducible and that γ(x) = σ −1 x, so
where
One can therefore apply Theorem 1 to obtain the coefficients of the expansion: Because this is essentially the only multivariate model with a known closed-form density (other than multivariate models which reduce to the superposition of univariate processes), the Ornstein-Uhlenbeck process can serve as a useful benchmark for examining the accuracy of the expansions and the resulting MLE. Table 1 reports the results of 1,000 Monte Carlo simulations comparing the distribution of the maximum-likelihood estimatorθ (MLE) based on the exact transition density for this model, around the true value of the parameters θ (TRUE) , to the distribution of the difference between the MLEθ (MLE) and the approximate MLEθ (2) based on the expansion with K = 2 terms shown above. To ensure full identification, the off-diagonal term κ 21 is constrained to be zero. As discussed above, this guarantees that the eigenvalues of the mean reversion matrix are both real and avoids the aliasing problem altogether. The constraints κ 11 > 0 and κ 22 > 0 make the process stationary, so standard asymptotics give the asymptotic Each of the 1,000 samples is a series of n = 500 weekly observations (∆ = 1/52), generated using the exact discretization of the process. The results in the table show that the differenceθ (MLE) −θ (2) is an order of magnitude smaller than the (inescapable) sampling errorθ (MLE) − θ (TRUE) . Hence, for the purpose of estimating θ (TRUE) ,θ (2) can be taken as a useful substitute for the (generally incomputable)θ (MLE) . In other words, at least for this model, K = 2 provides sufficient accuracy for the types of situations and values of the sampling interval ∆ one typically encounters in finance.
7.2.
Comparing the accuracy of the reducible and irreducible methods. Using nonlinear transformations of the Ornstein-Uhlenbeck process, we can assess the empirical performance of the general method for irreducible diffusions. Let Y denote the process given in (48) and define X t ≡ exp(Y t ) = γ inv (Y t ). From Itô's lemma, the dynamics of X t are given by
By construction, this process has a known log-transition function given by l X (x|x 0 , ∆) = − ln(xx 0 ) + l Y (∆, ln(x)| ln(x 0 )) and it is reducible by transforming X t back to Y t = ln(X t ) = γ(X t ), with D v (x) = ln(X 1t X 2t ) for that transformation. But, in order to assess the accuracy of the irreducible method, we can directly calculate the irreducible expansion (based on Theorem 2) for the model (49). We can then compare it to the closed-form solution, but also to the reducible expansion obtained using the order 2 expansion given in the previous section for l Y and then the Jacobian formula, l X (x|x 0 , ∆) = − ln(X 1t X 2t ) + l Y (∆, ln(x)| ln(x 0 )). Based on Proposition 2, we know that in this situation, the irreducible expansion involves Taylor expanding the coefficients of the reducible expansion in x about x 0 . Monte Carlo simulations with the same design as in the previous section help document the effect of that further Taylor expansion on the accuracy of the resulting MLE. The results are given in Table 2 and they show that the differencê θ (MLE) −θ (2,irreducible) , although larger thanθ (MLE) −θ (2,reducible) , remains smaller than the differenceθ (MLE) − θ (TRUE) due to the sampling noise. In other words, replacingθ (MLE) byθ (2,irreducible) has an effect which is not statistically discernible from the sampling variation ofθ (MLE) around θ (TRUE) . And, of course,θ (MLE) is generally incomputable, whereasθ (2,irreducible) is computable. 7.3. Time-inhomogeneous models. Time-inhomogeneous models are of particular interest for the term structure of interest rates. A large swathe of the term structure literature has proposed models designed to fit exactly the current bond prices, as well as other market data, such as bond volatilities or the implied volatilities of interest rate caps, for instance. Calibrating such a model to time-varying market data gives rise to time-varying drift and diffusion coefficients. Typical examples of this approach include the models of Ho and Lee [17] , Black, Derman and Toy [7] and Hull and White [18] , where the short-term interest rate (or its log) follows the dynamics dX 1t = (α(t) − β(t)X 1t ) dt + κ(t) dW 1t . Markovian specializations of the Heath, Jarrow and Morton [16] model will also be, in general, timeinhomogeneous.
The univariate results of Aït-Sahalia [2] have been extended to cover such models by Egorov, Li and Xu [13] . With expansions now available for time-homogenous diffusions of arbitrary specifications and dimensions, a time-inhomogeneous diffusion of dimension m can be simply reduced to a time-homogenous diffusion of dimension m + 1. Indeed, consider the state vector X t = (X 1t , . . . , X mt ). Now, define time as the additional state variable X m+1,t = t, whose dynamics are dX m+1,t = dt, and consider the extended state vector asX t = (X 1t , . . . , X mt , X m+1,t ). This is an (m + 1)-dimensional, time-homogenous, diffusion.
Proofs.
8.1. Proof of Proposition 1. Suppose that a transformation exists and define Y t ≡ γ(X t ), where γ(x) = (γ 1 (x), . . . , γ m (x)) T . By Itô's lemma, the diffusion matrix of Y is σ Y (Y t ) = ∇γ(X t ) σ(X t ). For σ Y to be Id , we must therefore have that ∇γ(X t ) = σ −1 (x) (recall that σ is assumed to be non-
and hence
for all (i, j, k) = 1, . . . , m. Continuity of the second-order partial derivatives is required for the order of differentiation to be interchangeable. Here, we have infinite differentiability. Conversely, suppose that σ −1 satisfies (10). Then, for each i = 1, . . . , m, use row i of the matrix σ −1 , σ
] ij dx j and calculate its differential, the differential 2-form dω i . Condition (10) implies that dω i = 0, that is the differential 1-form ω i is closed on S X . The domain S X is singly connected (or without holes). Therefore, by Poincaré's lemma (see, e.g., Theorem V.8.1 of Edwards [12] ), the form ω i is exact, that is there exists a differential 0-form γ i such that dγ i = ω i . In other words, for each row i of the matrix σ −1 , there exists a function γ i defined by γ i (x) = x j [σ −1 ] ij (x) dx j (the choice of the index j is irrelevant) which satisfies (50), has the required differentiability properties and is invertible. The function γ is then defined by each of its d components γ i , i = 1, . . . , m, and because of Assumptions 2 and 3, it is invertible and infinitely often differentiable. By construction, Y t ≡ γ(X t ) has unit diffusion and therefore X is reducible. To prove the equivalent characterization (9), apply Itô's lemma from Y to X (instead of from X to Y ) and proceed as above. (y i − y 0i ) = 0,
